We study the period mapping from the moduli space of real hyperelliptic curves with marked point on an oriented oval to the euclidean space. The mapping arises in the analysis of Chebyshev construction used in the constrained optimization of the uniform norm of polynomials and rational functions.
Introduction
The period mappings are defined on the moduli spaces of curves with marked points on them and return the values of periods of uniquely associated to such curves differentials with singularities in the marked points. They appear in different settings [1, 18, 15, 19] , mostly for the study of the geometry of the moduli spaces of curves. For instance in [18] , the authors try to construct the subvarieties of the moduli space as the closed leaves of the foliation locally defined by the period mapping. The interrelation of the "integral" leaves of sertain foliations with the spectral curves of elliptic Calogero-Moser systems is shown in [16] . In [19] the authors use period mapping to study the asymptotics of orthogonal polynomials. This particular research was motivated by uniform rational approximation problems.
A universal phenomenon known as "Chebyshev Alternation Principle" in mathematical community or "Equiripple Property" in the community of electrical engineers says that solutions to certain uniform norm optimization problems for polynomials look like waves of constant amplitude.
The most known function with this property is the (co)sine, so there is possibly no wonder that the degree n solutions P n (x) may be effectively evaluated by finding parameters in the following Chebyshev representation (Ansatz) [6] and [9] Chap.2: P n (x) = cos(ni turn is related to Poncelet problem, elliptic billiards [13] and boundary value problem for string equation [10] .
The brief content of this paper is as follows. In Sect. 2 we introduce the moduli spaces of real hyperelliptic curves, a model of their universal covering -the labyrinth space -and define the period mapping from the labyrinth to the euclidean space. The main object of our research is the global topology of the fibers of the latter map. In Sect. 3 we manufacture the main tool of our investigation, the description of curves in terms of weighted flat graphs composed of the segments of two orthogonal foliations intrinsically associated to the curve. In Sect. 4 we study the decomposition of the moduli spaces into polyhedra spanned by the weights of the admissible graphs. Sect. 5 presents the period mapping as linear one in terms of local coordinates of each polyhedron. In Sect. 6 we construct a PL model for fibers of the periods map attaching one to the other polyhedra being the sections of the polyhedra from Sect. 4 by linear spaces. In particular,
we conclude that the topology of 2D fibers is trivial.
2 Setting the problem
Moduli spaces
Let H be the moduli space of smooth real hyperelliptic curves M with one marked point "∞" (in what follows will be used without quotes) on an oriented real oval. We require this marked point being not fixed by the hyperelliptic involution J acting on each curve. Fixing the genus g = 0, 1, . . .
of a curve and the number k = 0, 1, . . . , g + 1 of its real ovals, we arrive to the decomposition of the moduli space into connected components with given values of the two topological invariants:
Any element of H admits an affine model:
with branching set E =Ē symmetric with respect to the real axis. The hyperelliptic and anticonformal involutions of the curve we define as J(x, w) := (x, −w) andJ(x, w) := (x,w) respectively.
The marked point on the real oval is the point corresponding to (x, w) = (+∞, +∞) in the natural two-point compactification of the curve (1) .
An element in the component H k g of the total moduli space is represented by a set E + of g −k +1
distinct points in the open upper half plane H and 2k distinct points on the real axis R modulo translations and dilations of the set. In this paper we only consider the case k > 0, and the set E + may be normalized so that its two extreme real points are ±1. In this notation the branching set E of the curve (1) is the union of the set E + and its complex conjugate.
Lemma 2.1 [8] , [9] Chap. 3.
The space H k g is a smooth real manifold of dimension 2g and its fundamental group is the group Br g−k+1 of braids on g − k + 1 strands.
Local period mapping
On each curve M from the moduli space H there is a unique third kind abelian differential dη M with just two simple poles: the marked point ∞ and its involution J∞, with residues −1 and +1 respectively and purely imaginary periods [9] , §2. 1.3 . For the algebraic model (1) of the curve M the differential takes the form:
with dots standing for a polynomial of degree not greater than g − 1. One can check that normalization conditions of the differential imply that the latter is real, that isJdη M = dη M . In other words, the polynomial in (2) has real coefficients. An important consequence of this fact is this:
half of periods of this differential vanish.
Indeed, the anticonformal involutionJ naturally acts on the space of cycles H 1 (M, R) and splits it into a sum of two eigenspaces H 1 (M, R) ± corresponding to eigenvalues ±1 of the operator.
Cycles invariant under the reflectionJ we call even and those changing the sign we call odd. The periods of any real differential dη over even/odd cycles are respectively real/ purely imaginary:
In particular, we see that the integrals of the distinguished differential dη M over even cycles vanish as they should be real and imaginary simultaneously.
One can locally define the period mapping in the neighbourhood of a distinguished point M 0 of the moduli space as
here the integration of the differential living on a curve M over the cycles on the distinguished curve M 0 is possible due to Gauss-Manin connection in the homological bundle over the moduli space [23] , [9] Chap.5. Globally this mapping is not well defined due to nontrivial holonomy of the connection: braids entangle the cycles on the curve. We study this effect after a little while.
Universal covering of the moduli space
The usual way to correctly define a multivalued mapping is to lift it to the universal covering of the source space. The spaceH k g -the universal covering of H k g -has several models described in [7] , [9] , Chap.3. For instance, it may be represented by Teichmüller space of a (g − k + 1) -times punctured disc with marked points on the boundary. In particular, the universal covering is homeomorphic to the euclidean space R 2g . Here we use another model of this space, namely the space of labyrinths.
A labyrinth Λ = (Λ 0 , . . . , Λ g ) attached to a point E + of the moduli space (see Fig. 1 ) is a set of g + 1 disjoint arcs in the closed upper half planeĤ := H ∪ R ∪ ∞. First k of them are real segments Λ 0 , . . . , Λ k−1 pairwise connecting real points of E + . The remaining g − k + 1 arcs Λ k , Λ k+1 , . . . Λ g have more freedom: they start at the complex points of the branching set E + and meet the real axis to the right of the largest real point of the set. All the arcs of a labyrinth are ordered by their intersection with the real axis. Two labyrinths Λ obtained by the isotopy of the upper half plane fixed at the points of E + are declared to be equal. 
a useful notion if we do not want to specify the values of the topological invariants g, k of a real curve.
Speaking informally, the universal covering of a space is the history of motion from some marked point told for each point of this space. The variable part Λ k , . . . , Λ g of a labyrinth has the meaning of the traces of the motion of branch points in the upper half plane.
The braid group Br g−k+1 realized as the mapping class group [4] of the punctured half plane H \ E naturally acts on the space of labyrinths L k g and corresponds to cover transformations. Projection from the universal cover to the (component of the) moduli space consists in wiping out the labyrinth leaving the branch points only.
Distinguished basis in odd homologies
Any labyrinth Λ gives us a distinguished basis in the lattice of odd cycles on the surface M . Take a closed upper half planeĤ with removed labyrinth Λ. This set is simply connected and avoids the branch points of the two sheeted covering M → M/J = CP 1 . Therefore, the set may be uniquely lifted to the surface by the requirement that infinity of the cut plane is mapped to the marked point "∞" of the surface. The union ofĤ \ Λ embedded in the surface M and its reflection J(Ĥ \ Λ) is a subsurface of M with g + 1 boundary components which we endow with the standard boundary orientation 1 . Let us call those cycles C 0 , C 1 , . . . , C g , enumeration is inherited from that 1 Opposite to the notations of [9] , we've also changed the sign in the definition (3) of the periods map. of the labyrinth components.
Lemma 2.2 [6, 8] , [9] , Chap.2 1)The associated cycles C 0 , C 1 , . . . , C g of a labyrinth make up a basis in the lattice of odd cycles on the surface M (E) punctured at two points ∞ and J∞.
2) Same cycles make up horizontal (with respect to Gauss-Manin connection) sections of homology bundle over universal cover of the moduli space.
The distinguished basis of homologies changes under the group of cover transformations Br g−k+1
of the universal coverH k g in a predictable way (holonomy of GM connection). An elementary braid β s−k+1 ∈ Br g−k+1 , s = k, . . . , g − 1, is represented by a counterclockwise half-twist along a contour only intersecting the neighboring arcs Λ s and Λ s+1 of the labyrinth. One can check [9, 8] that all the cycles of the distinguished basis of homologies remain intact, but two of them (see Fig. 2 ):
This matrix representation of the braid group is known as (a particular case of) Burau representation [4] .
Global period mapping
Definition 2 The periods map (3) evaluated at the distinguished basis of odd cycles gives a welldefined global mapping
The image of this map lies in a codimension one euclidean subspace: the sum of the distinguished cycles is homologous to the circle encompassing the pole of the differential dη M , therefore the value of the sum of the periods map components is always 2π.
Theorem 1 [7] , [9] , Chap. 5
2) period mapping is equivariant with respect to the action of braids:
Here braids act on the universal covering of the moduli space as cover transformations and on the euclidean space by Burau representation (4).
First statement of the theorem was proved in a more general setting in [18, 15] . The range of this periods map was explicitly calculated in [8] , [9] , §5.3.
Statement of the main result
In this paper we study the topology of fibers of the periods map Π, i.e. of the inverse images of points from the range of the mapping. It follows from the above Theorem 1 that the fibers are
In the next section we introduce a machinery that reduces the problem under investigation to certain combinatorial calculations. In the concluding sections we perform the calculations for the two-dimensional fibers and arrive at the main Theorem 2 Any fiber of the periods map defined in the space L
Remark 2.1 Similar calculations were performed by the author for the 3D fibers too and a new effect was discovered. Fibers may be disconnected, however each component of a fiber remains a cell (= topological space homeomorphic to a euclidean one). This observation leads us to a Conjecture: [5] Components of the fibers of the period mapping are always cells.
Pictorial representation of curves
Here we work out the main tool of our investigation. We need a convenient description of curves which allows us to effectively reconstruct the period mapping. The construction is briefly described below, more details may be found in [8, 9] .
The idea to represent algebraic curves by (weighted) graphs is not new. Possibly, the seminal input is due to A.Grothendieck with his Dessins d'Enfants. Once appeared in math physics, ribbon graphs today make up a flourishing industry established in the works of M.Kontsevich, R.Penner, L.Chekhov, V.Fock [17, 20, 11] to name a few. Similar ideas were used by M.Bertola in his work on Boutroux curves [3] , see also [14, 21] . We need a graphical description of curves which allows us to effectively reconstruct the period mapping. The construction is briefly described below, more details may be found in [8] , [9] , §4.1.
Global width function
Suppose M (E) ∈ H and dη M is the 3rd kind differential associated with the curve M as above.
One immediately checks that the normalization conditions of dη M force the width function
to obey the following properties:
• W is single valued on the plane,
• W is harmonic outside its zero set Γ := {x ∈ C : W (x) = 0},
• W has a logarithmic pole at infinity,
• W vanishes at each branchpoint e s ∈ E (and hence the definition (5) is independent of the choice of the branchpoint e).
We only comment on the last property. Since dη M is odd with respect to the hypereliptic involution of M , W (e s ) is equal to one half of the absolute value of the real part of some period of the differential. Normalization implies that all its periods are purely imaginary.
Construction of the graph Γ(M).
To any curve M ∈ H we associate a weighted planar graph Γ = Γ(M ) composed of the finite number of segments of vertical and horizontal foliations [22] • HORIZONTAL EDGES := Sk 1 (Γ ) are all segments of the horizontal foliation (dη M ) 2 > 0 (or steepest descent lines for W (x)) connecting the finite critical points of the foliation either to other such points or -as a rule -to the zero set of W . Horizontal edges are oriented with respect to the growth of W (x).
• WEIGHTS: Each edge, no matter what type is it, is equipped with its length in the metric ds = |dη M | of quadratic differential.
• VERTEXES := Sk 0 (Γ) of the graph Γ comprise all finite points of the divisor of the quadratic differential (dη M ) 2 considered on the plane as well as points in Γ ∩ Γ -projections of the saddle points of W to its zero set along the horizontal leaves.
Instead of assigning lengths to the horizontal edges, it is more convenient to keep the values of the width function W (x) at all vertexes of the graph: the length of the oriented edge thus is the increment of the width function along it. 
Definition 4
We call a vertex V ∈ Sk 0 (Γ) a branchpoint, if the value ord(V ) is odd.
Axiomatic description of graphs
We distinguish between the geometric graph Γ(M ) drawn on the plane, the class of weighted planar 
Function W vanishes on the vertical parts of the boundary while its normal derivative vanishes at the horizontal parts of ∂Ω, therefore W is constant. Now suppose the graph has several components. Sum up the value ord(V ) over all the vertexes. We get the number 2♯{vertical edges} + 2♯{horizontal edges} − 2♯{vertices} = −2♯{trees in the f orest}. This is equal to the degree of the divisor of the quadratic differential dη Proof sketch. The Riemann surface M may be glued from a finite number of stripes in a way determined by combinatorics and weights of the graph. Below we briefly describe the procedure. Given a planar graph satisfying all the requirements of Lemma 3.1, we extend it by drawing This observation gives us the reconstruction rule for the curve M : one has to glue 2♯{vertical edges} half strips Σ(H s ) in a way dictated by the graph. The conformal mapping of the glued surface to the sphere gives us a realization of the graph Γ, its vertexes with the odd value of ord(V ) make up the branching set E of the curve M .
Coordinate space of a graph
The This polyhedron is the product of the interior of the symplex ∆[Γ] spanned by positive variables H(R), R ∈ Sk 1 (Γ ) ∩Ĥ with one normalization condition:
and the interior of the cone
that respect the partial order of nodes on the horizontal part of the graph given by the direction of arrows: show that this decomposition is natural in the sense that polyhedra of lower dimensions lie in the faces of higher dimensional polyhedra. This allows us to effectively build a PL model for each component of the total moduli space starting from the cells of codimension zero and gluing their faces according to certain identifications. We shall apply two below described procedures Contraction and Zipping to weighted graphs corresponding to inner faces of a coordinate space, that is with positive graph distance between any two branchpoints.
Definition 5 The coordinate space of the graph [Γ] we call the open polyhedron
A[Γ] := Int(∆[Γ]× C[Γ]).Γ] = {H 1 , H 2 , H 3 > 0 : 2(H 1 + H 2 ) + H 3 = π}× {0 < W 1 < W 2 } has full dimension dimA[Γ] = dimH 1 2 = 2g = 4.
Two types of faces of a coordinate space
Contraction is applied to a zero weight horizontal edge R of the graph Γ; its action on the graph is shown on Fig. 8 . Elimination of a zero weight vertical edge of the graph is more complicated as it leads to the collapse of a whole strip in the decomposition of the plane considered in the proof sketch of Theorem 3 and therefore to deeper modification of the graph. Zipping caused by a zero weight vertical edge R of the graph is defined as follows. The edge is a vertical side of exactly two half-strips in the complement of the extended graph Ext Γ. Each half-strip is collapsed to a ray so that points on the opposite sides with equal value of the width function W are identified -see Fig. 9 . Leaving for infinity horizontal edges of the modified extended graph should be removed afterwards.
Informally speaking, the opposite sides of the strip passing through the zero weight vertical edge R are considered as two pieces of a zipper fastener and attached one to the other in a natural way. The topology of the modified graph depends on the relations of the width function W at the vertices on the opposite sides of the strip. It is exactly on this step that the faces of the coordinate space of the initial graph may be subdivided into smaller polyhedra. 
Elimination of edges: Properties
The application of the above two procedures leads -in a finite number of steps -to an admissible graph Γ ′ as shows 
.
For the contraction shown on Fig.8 we have a chain of equalities:
where d A (V ) stands for the degree of the vertex V with respect to the vertical part of the subtree
is the number of the incoming from the subtree A edges etc. Zipping of a strip may lead to merging of more than two nodes. Preliminary contraction of zero weight edges on the horizontal sides of the strip reduces the proof of the addition formula (6) for the orders of vertexes to just two nodes junction.
If W (V a ) = W (V b ) = 0 as in left Fig. 9 , then (
Suppose, the order of a newborn node is zero. We forbid junction of branchpoints, hence all orders in the above sum (6) 
Lemma 4.3 Elimination of zero weight edges does not merge the branchpoints.
Proof. We apply the procedures of contraction and zipping only to graphs with positive graph distance between branchpoints.
The above three statements show that the outcome of the full chain of contractions/zippings applied to the weighted graph {Γ} from the face of the coordinate space does not depend on the order of the operations and corresponds to an admissible weighted graph {Γ ′ } from the same moduli space component. Proof. Subordination of the topological type of Γ ′ to that of Γ means that there is a chain of contractions/zippings transforming the latter to the former. On each step the weights may be naturally and uniquely lifted to the larger graph. Eventually we get the weights on the graph Γ, but some of those will be zeros. This corresponds to a point on the boundary of the polyhedron
Definition 6 Dressing of a coordinate space A[Γ]
we mean attaching all its interior faces:
the set is equipped with the ambient euclidean space topology.
The basement for the described here incidence relations of the coordinate spaces of graphs is
Proposition The natural embedding of any dressed coordinate spaceÂ[Γ] to the moduli space
H is continuous and has no continuous extension to the exterior faces of A[Γ].
This statement is intuitively clear, however its rigorous proof requires special analytical techniques which is beyond the scope of this article. It will be given in a separate publication.
Building Moduli and Labyrinth spaces
A piecewise-linear model of any component of the total moduli space H may be assembled in three steps:
• List all admissible graphs [Γ] with full dimensional coordinate space A[Γ] (there are only finitely many of them once the genus is fixed).
• Dress each zero codimension coordinate space A[Γ].
• Glue the dressed polyhedraÂ[Γ] along their interior faces. More formally, the total labyrinth space may be represented as follows:
with the following equivalence relation ∼ on the boundaries of the dressed coordinate spaces. If 
PL model of Period map
A point M (E) ∈ H in the total moduli space is presented by a (normalized) mirror-symmetric branching divisor E. Points of the covering labyrinth space above M are distinguished by the choice of the labyrinth Λ that escorts the set E + . A labyrinth determines a basis in the lattice of odd integer cycles on the (twice punctured at infinity) curve M which is transported by GaussManin connection -see Lemma 2.2. The period mapping acting from each component of the labyrinth space to a suitable euclidean space is defined by formula (3) and it is evaluated at the distinguished basis of odd cycles on the surface. For a given point E + ∈ H we start with evaluation of the period map for a canonical labyrinth Λ (i.e. not intersecting the graph of the curve M (E) in the upper half plane) which is unique for non-exceptional curves M .
Period map restricted to a coordinate space
To calculate the period map we need some preliminary considerations. One can single out a branch of the distinguished differential dη M in any simply connected domain of the plane avoiding the branch points of the curve M . We take the complements to the labyrinth and to the graph in the open upper half plane as such sets. In particular, we introduce a harmonic function 
where ǫ(R) in the last formula is the sign of the component of the complement to the graph and the labyrinth whose boundary contains the edge R.
(b) We integrate dH ′ along both banks of the cut Λ s . Instead, we can integrate along the left bank and double the result. This integration path lies in the component of the complement to both labyrinth and the graph Γ bounded by the arcs Λ s and Λ s−1 . We integrate (−1) s+g+1 dH instead of dH ′ :
where v s is the point of touching of the arc Λ s and the graph; the sum is taken over all vertical edges of the boundary of the upper half-plane cut along the graph that lie between v s and +∞. 
One can check that 6 s=0 Π s = 2(H 1 + H 4 + H 5 + H 10 ) + 4(H 2 + H 3 + H 6 + H 7 + H 8 + H 9 ) = 2π due to the normalization of weights of vertical edges.
The equality g s=0 Π s = 2π follows from the fact that the sum of all basic odd cycles is homological to the small circle encompassing the pole of the distinguished differential dη M . This means that the image of the period map lies in the hyperplane of R g+1 . Let us check the equality by a straightforward calculation:
the last sum is taken over the vertical edges from the boundaries of all 'negative' domains in decomposition of H by the graph and the labyrinth. Adding Following this procedure, the range of the periods map was calculated for all values of topological invariants g, k in [8] , [9] , §.5.3. Here we reproduce the result for the genus g = 2 and k = 1, 2, 3, see Fig. 17 . For the purposes of the next section we also calculate the fibers of the period map inside each full dimensional cell of the moduli space corresponding to genus g = 2.
Three real ovals
The image of the only coordinate space from L 
The fibers of this map are quadrants R + 2 spanned by the weights W 1 , W 2 of two vertexes from the horizontal subgraph -see Fig 4. 
Two real ovals
The space L Table 1 below. 
One real oval
The moduli space H 
Half-strip Depending on the relations between components of Π * we get either a pentagon or a rectangle or a trapezoid or a triangle -see the right panel of Fig. 16 .
The braid group Br 2 = Z acts as cover transformations on the labyrinth space L It is the union of images of the large triangle ∆ = a ∪ b ∪ c ± ∪ d shown in the left panel of Fig. 16 under the action of integer powers of the matrix B.
Fibers on the boundary of coordinate space
Typically, a fiber of the periods map transversally intersects the boundaries of the full dimensional cells which tile a labyrinth space. However, some exceptional fibers may (locally) lie in the boundary. Here we specify the conditions of this relatively rare phenomenon. space will always be a factor of the local fiber. Hence, we have to study the conditions when a linear map Π restricted to a simplex ∆ has the fiber f of the maximal dimension lying in the boundary of the simplex.
The fiber f belongs to the translated kernel of the linear map Π, hence the inequality
which becomes the equality for instance when the fiber f intersects the (relative) interior of the simplex.
Lemma 5.2
The fiber f has (maximal) dimension equal to the left hand side of (10) 
with the fiber f intersecting the relative interior of ∆ ′ . Consider f ′ := f ∩ ∆ ′ -the fiber of Π in smaller simplex. The inequality (10) now becomes
Two latter equalities together with obvious the inequality dim f ′ ≤ dim f give the inequality opposite to (10).
2. Suppose now we have an equality sign in (10) . Let ∆ ′ ≤ ∆ be the largest simplex in the boundary such that f intersects its interior (take the convex hull of all simplexes with this property). This simplex contains the whole fiber f . Indeed, a point from f \ ∆ ′ belongs to the interior of a unique simplex ∆ ′′ ≤ ∆ and the convex hull of ∆ ′ and ∆ ′′ is larger than
Subtracting the equality (10) from (11) with f = f ′ we get the reqiured equality of codimensions.
Now we apply this result to our computations of exceptional 2D fibers:
5.3.1 Cells of the space H 
Polyhedral model of fibers of Periods map
We have seen that investigation of fibers of periods map requires different instruments at different zoom. At the microscopic level we use differential geometry to find out that the fibers are smooth.
At the mesoscale the linear algebra and convex analysis say that the fibers within blocks commensurate with the size of the moduli space remain cells. At the cosmological scale -in the labyrinth space -we have to use combinatorics to analyse the global structure of the fibers composed of glued together polyhedra.
Decomposition of the labyrinth space L into polyhedra with the mapping Π(·) being a linear map in each of them gives the following natural receipt for the construction of the fiber of the global period mapping above its value Π * .
Algorithm
STEP1: Given the value Π * and the topological invariants g, k of real curve, list all braids β ∈ Br g−k+1 satisfying the inclusions 
For the values β · Π * in the interior of the images of full dimensional dressed coordinate spaces we get the g-dimensional polyhedra; for the points β · Π * in the boundary of the images we select local fibers of maximal dimension with the help of Lemma 5.2.
STEP3: Glue the arising g-dimensional polyhedra by the same equivalence relations we used in (7) to construct the labyrinth space:
First step for genus two curves
For the number of ovals k = 2, 3, no braids appear and this step of the algorithm is trivial. For the space L Lemma 6.1 The orbit of a point Π * ∈ ∆ under the action of Br 2 has more than one point in the triangle ∆ iff Π * ∈ c ± ∪ d. In the latter case the orbit has exactly one point in each of the triangles
Proof. The action of the braid generator on the plane consists in translating the point Π = (Π 1 , Π 2 ) parallel to the line {Π 1 + Π 2 = 0} by the value of double euclidean distance to it:
Therefore the intersection of the triangle ∆ with a full orbit of Burau action of braids on a point Π * in our case has the appearance:
If s > 0, then for the first point in the chain we have BΠ ∈ ∆ ∋ B −1 Π, which can be written as
The last point in the chain satisfies the inclusion
and all the rest points of the orbit lie in
6.3 Second step: carving the patches.
For the value Π * in the interiors of each of three triangles a ± , b from the Fig. 15 we reconstruct the fiber of the periods map above it from Tab. Since the braids in case of genus two curves with two real ovals are trivial, the final answer is shown in Fig. 18 for the value Π * in the interiors of the triangles a ± , b. On the interfaces of the triangles the global fiber of the periods map reduces to open half-strip. Fibers on the interfaces of the triangles are as follows:
• Int(a ∩ b), the same picture as on the left panel of Fig. 19 with removed patch corresponding to Γ 3 and totally exterior boundary.
• The patch corresponding to [±Γ 4 ] lies on the boundary of the coordinate space and one side of this patch is the exterior boundary.
• For the value Π * of the period map in a∪b the fiber is ready. For the remaining cases Π * ∈ c ± ∪d one has to glue together pieces with different braid labels. The result of this operation is shown in 
Conclusion
We have developed an effective combinatorial approach to the study of the period mapping proposed in [8] and [9] , Chaps. 4,5. It had been proved that the global 2D fibers of the period mapping in the 4D labyrinth spaces have the simplest topology. Basically, same technology may be applied for higher dimensional moduli spaces. The broad use of combinatorial techniques is vital for the investigation of already 3D fibers. Indeed, the number of full dimensional cells in the decomposition of 6D moduli space H 1 3 is too large to consider fibers inside each cell with subsequent gluing them together. One has to use larger 'building blocks', say clusters of coordinate spaces with non-exceptional graphs Γ. As we mentioned already, a new effect appears in the 3D world:
the fibers may become disconnected, however each component remains a cell. We are going to describe the 3D calculations in a forthcoming publication.
